Summary. -Combining miniaturization and good operating speed is a compelling yet crucial task for our society. Plasmonic waveguides enable the possibility of carrying information at optical operating speed while maintaining the dimension of the device in the nanometer range. Here we present a theoretical study of plasmonic waveguides extending our investigation to structures so small that Quantum Size Effects (QSE) become non negligible, namely quantum plasmonic waveguides. Specifically, we demonstrate and evaluate a blue-shift in Surface Plasmon (SP) resonance energy for an ultra-thin gold nanowire.
-Introduction
It is well known that the diffraction limit imposes a lower bound to the diameter of a common dielectric optical waveguide. Plasmonics indeed gives us the opportunity to confine light at a nanometer scale in metal waveguides via Surface Plasmon Polaritons (SPPs). The purpose of the second section is the theoretical analysis of SPPs at the interface between a cylindrical conductor (nanowire) and a dielectric medium. In the third section we consider the case of a nanowire with a radius small enough to show QSE.
-SPPs on conducting nanowires
In the following section Maxwell's equations in cylindrical coordinates are solved and a transcendental equation is found by applying the appropriate boundary conditions. The solutions are the dispersion relations for the various modes of an SPP propagating along a conducting nanowire. First, let us define the parameters concerning the system: we take the axis of the nanowire (of radius R) to be the z direction and ǫ 1 , ǫ 2 to be the permittivity of the metal and of the surrounding dielectric medium respectively.
Moreover, we assume a time and z dependence of the fields of the form e i(ωt−βz) which implies ∂ /∂t → iω and ∂ /∂z → −iβ. We then separate Maxwell's curl equations into components solving for E x , E y , H x and H y in terms of E z , H z . For the latter we use Helmholtz equations instead. Switching to cylindrical coordinates (r, θ, z) we obtain ( 1 ) where γ 2 = β 2 − k 2 = β 2 − ω 2 µ 0 ǫǫ 0 and µ = 1. The last two differential equations for E z and H z are separable in r and θ. Furthermore, the part describing the r dependence is in the form of the modified Bessel differential equation leading to the general solution for E z and H z where A, B, C and D are constants and I ν and K ν are the ν-th order modified Bessel functions of the first and second kind respectively. Due to their behavior at r = 0 and r → ∞, K ν inside the core (r < R) and I ν outside (r > R) must be excluded [2] . Hence, for the order ν:
where C, C ′ , D and D ′ are constants to be determined. The other components of the fields can be easily computed inserting eqs.(2.3) back in eqs.(2.1).
Imposing the continuity of the tangential components of both fields at r = R results in a homogeneous system of four linear equations with C, C ′ , D and D ′ as unknowns [2] . This system admits no solution for C = D = 0 or C ′ = D ′ = 0 with the only exception of the case ν = 0 for which the first solution is a TE mode(
2 ) (which is not a propagating mode for the system under investigation [3] ) and the second solution is a TM mode. For ν > 0 all modes are hybrid (E z = 0 and H z = 0). In order to find nontrivial solutions, the determinant of the system must be set to zero leading to the following transcendental equation whose solutions are the dispersion relations ω ν (β) for mode ν
where
Before embarking on solving eq.(2.4), it is very useful to perform the change of variable Ω = ω /ωp, K = β /kp = cβ /ωp and to define the cylindricality constant α = Rωp /c [4] . The advantage is that Ω, K and α are dimensionless and the new dispersion relations Ω ν = Ω ν (K) do not depend on the the particular value of ω p . We also assume
2 (where ω p is the plasma frequency for the metal under investigation) and ǫ 2 = 1. Equation (2.4) becomes
Results obtained(
3 ) for modes ν = 0, 1, 2, 6, 8 as the parameter α changes from 0.1 to 100 are shown in figs.1 and 2. The dashed line Ω = 1 / √ 2 denotes the frequency of the non-retarded surface plasmon mode ω sp = ωp / √ 2 while the straight solid line Ω = K is the dielectric light line. The behavior at K → ∞ is common to each mode as α changes: the frequency approaches ω sp and the group velocity dΩ /dK → 0 thus implying an electrostatic character. It is worth remarking that the electrostatic solution's frequency ω sp for a SPP on a conducting wire is the same as that on a planar metal-dielectric interface. Concerning the dependence on the parameter α, it is easy to observe that for high cylindricality (α ≪ 1) the frequency of the modes ν > 0 is very close to that of the surface plasmon. As the cylindricality decreases (α increases), all these modes start collapsing on the first ν = 0 mode. The latter is a very peculiar mode: looking at eqs.(2.3) we notice that both the fields depend on θ only trough cos (νθ), hence for ν = 0 the SPP sees no curvature and it behaves as if it were on a planar interface. This is the reason why all the other modes approach to ν = 0 as the radius increases. Moreover, from fig.2 right it is clear that the dispersion relation of TM mode for a SPP on a conducting wire and that of a SPP on a planar interface coincide if the radius is sufficiently large. 
-Quantum Size Effects
So far, the problem of a SPP propagating along a metallic nanowire has been treated classically. However, as Frölich noticed back in 1937 [5] , when the size of the nanostructure sustaining SPPs becomes small enough, the continuous electronic conduction band breaks up into discrete states and Quantum Size Effects (QSE) arise. As a consequence, the simple Drude model used in the previous section is no longer valid and must be corrected in a quantum manner. One specific way to handle the problem [6] consists in treating the system as a non-interacting free electron gas constrained by the physical boundaries of the nanostructure. These electrons can undergo transitions from occupied states |ψ i lying below the Fermi surface to unoccupied states |ψ f above it, with a characteristic frequency ω if . Accordingly, the dielectric response of the electronic plasma is modeled adding quantum-mechanically derived Lorentzian terms to the Drude model, weighting them with the oscillator strengths S if as follows
Thanks to the symmetry of our system and taking again the axis of the nanowire (of radius R) to be the z direction, the permittivity is a diagonal tensorǭ = diag {ǫ xx , ǫ xx , ǫ zz }. Each component ofǭ is obtained evaluating the sums in eq.(3.1). We now proceed explaining the terms of the latter while we compute ǫ xx for a gold nanowire of length L. In this case, given the Thomas -Reiche -Kuhn sum rule( 4 ), we have
where |ψ i and |ψ f are the eigenfunctions for each of the N particles in a infinite cylindrical quantum well and ω if is Bohr frequency of the transition where E f and E i are the energies of the final and initial state respectively. The damping coefficient Γ ′ appearing in (3.1) modifies the bulk counterpart taking into account the size of the nanostructure
where v f is the Fermi velocity and R ef f is an effective radius parameter; for a cylinder
The last two terms appearing in (3.1) are ǫ ∞ and ω p : the first is a corrective coefficient that accounts for the behavior of noble metals for ω ≫ ω p [9] and the latter is the gold plasma frequency. The evaluation both of the matrix element in eq.(3.2) and of eq.(3.3) using infinite cylindrical quantum well eigenfunctions and energy eigenvalues can be found elsewhere [8] . The same holds also for ǫ zz . The actual summations in eq. It is quite encouraging that if the field is polarized along z direction we recover the classical Drude model (see fig.4 left) even though we started from a quantum defined dielectric function. The reason is that along z the quantum confinement is not so high hence the spacing between energy levels is very small and the conduction band can be considered continuous again. Conversely, QSE are evident with regard to ǫ xx ( fig.3 ). Changing the dielectric functions of the system certainly affects the SPPs dispersion relation. Specifically, a blue-shift in Surface Plasmon resonance energy occurs and the final result of our work is its quantitative evaluation. The condition that has to be met to have surface plasmon resonance in our system is [12] 
We solved eq(3.5) numerically for ω spQ as R changed from 1nm to 20nm with ǫ 2 = 1, as displayed in fig.4 right. The plot clearly shows a consistent blue-shift as the radius of the wire decreases below 5nm. On the other hand, when the radius increases to "normal" values, ω spQ → ω sp = ωp / √ 1+ǫ∞ recovering again the classical situation( 6 ). 
-Discussion
In the present work we analyzed the plasmonic properties of metal waveguides both from a classical point of view and from a quantum mechanical one. We derived and presented the dispersion relations for an SPP on a conducting wire showing in particular the similarity of the ν = 0 mode to the SPP on a planar interface and, for large radii, of all the other modes to the ν = 0 mode. The main result of our work is the demonstration and the quantification of the blue-shift in SP resonance for a 1D system such an ultrathin gold nanowire. We used an analytical quantum model accounting for QSE and showed how this would return the classical Drude model if quantum confinement is not high (ǫ zz ≈ ǫ Drude ) and the functions of fig.3 if it is. Substituting the dielectric functions eventually resulted in the aforementioned blue-shift which is also comparable to that experimentally demonstrated by Scholl et al. [11] for the 0D case of silver nanoparticles. * * * We would like to thank Professor G.G.N. Angilella and Professor L.C. Andreani for their valuable help and constructive comments on our work.
